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Hence 

(:)-(0(": x )+G)(*: , )--"+<-'>'(*:')-(::0- (i > 

In the case when i = a, we have a — i = 0, and ( .1=1: therefore, 

\a — i) 

equation (1) becomes 

C)-(j)( B : 1 ) + (;)(": a )-- + <- i K B r)- 1 - (2) 

When % > a, then a — i is negative, so that I __ . I = 0. Hence for i> a, 

C)-(i)( ,l : 1 ) + (2)r: 2 )--^- i K ,l ; i )= o - (3) 

An excellent solution by a somewhat different method from the ones exhibited in these two 
solutions was received from A. M. Harding. 

425. Proposed by CLIFFORD N. mills, Brookings, S. D. 

Solve for x and y the equations 2* + » = 6, 2 X+1 = 3". 

Solution by Elijah Swift, University of Vermont. 

We shall agree to mean by a x , where a is real, e* log a , in which the real logarithm 

of a is to be taken, so that a x is single valued. We have, then, from the given 

equations, (x + y) log 2 = log 6, (x + 1) log 2 = y log 3, where all the logarithms 

are real. Solving these linear equations for x and y, we obtain the required 

solutions 

(log 6) 2 - log 2 -log 12 log 12 

x = -, — ^-j — p. = 1.198 and y = -, — ~ = 1.387. 

log 2 log 6 log 2 

On account of the homogeneity of these fractions in the logarithmic function, 

we may substitute logarithms to the base 10 in our computation of the numerical 

values of x and y. 

Also solved by Emma Gibson, Nathan Altshiller, A. L. McCarty, A. M. Harding, 
Horace Olson, Richard Morris, G. W. Hartwell, C. E. Githens, Frank Irvin, Elizabeth B. 
Davis, F. L. Carmichael, Edward S. Ingham, S. A. Joffe, W. C. Eells, Elmer Schuyler, 
V. M. Spunar, R. M. Mathews, and Cyril A. Nelson. 

GEOMETRY. 

454. Proposed by LOUIS ROIjillion, Mechanics Institute, New York City. 

Show how to construct an equilateral triangle with its vertices lying on three [parallel] lines 
not equally spaced. 

I. Solution by C. N. Schmall, New York City. 

The proposer evidently meant that the three lines are parallel. 

(i) Let x, y, and z be the three parallel lines in order. At any point, M, on 
the line y, construct the angles AMC and BMC each equal to 60° (Fig. 1). 
Draw the line AB, and, about the triangle AMB, circumscribe the circle ABC. 
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Draw the lines AC and BC. Then, the triangle ABC is equilateral as is easily- 
seen and, therefore, satisfies the condition of the problem. 





C N 



Fig. 1. 



Fig. 2. 



(ii) We may also construct the triangle as follows: Through the point, M 
(Fig. 2), draw AN perpendicular to the line y, and on AN as a side construct the 
equilateral triangle AND. Through D, draw ED perpendicular to AD, meeting 
the line y in B. Draw the line AB. Then draw AC, making the angle NAC equal 
to the angle BAD. Draw BC. Then the triangle ABC is equilateral, and has 
its vertices on the three given lines as is required. For, the two right triangles 
BAD and CAN are congruent, having, by construction, a side and an angle of 
one made equal to a side and an angle of the other. Hence, side AC equals 
side AB. Angle CAB equals angle NAD = 60°. Hence, angles ACB and 
ABC are equal and the triangle is equilateral. 



II. Solution by Nathan Altshiller, University of Washington. 

Let us generalize the problem in the following way: 

Construct a triangle ABC so that its vertices A, B, C shall lie respectively on 
three given lines p, q, r, while its angles a, j6, y shall have each a given value. 

The condition that the triangle shall have three given angles is equivalent to 
the condition that one of its angles, say a, shall have a given value, and that the 
ratio AB/AC, of the sides AB and AC including this angle, shall be equal to a 
given quantity k. 

Let D be the foot of the perpendicular AD dropped from A upon the line r. 
Rotate the triangle ACD bodily about the point A into the position AC'D' such 
that the line AC shall take the direction of the line AB. The angle DAD' is 
equal to the angle CAB = a. 

The perpendicular BE dropped from B upon AD', determines on AD' a 
point E such that 

AE_ = AB_ AB 
'AC 



AD' 






AC 



This leads to the following method of solving the problem: 
From any point A on p drop the perpendicular AD upon r and construct the 
line AD' making with AD an angle equal to the given angle a. On AD' take a 
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AE 
segment AD' = AD and determine on it the point E so that -jjy = k. The 

perpendicular EB to AD' at the point E will meet q in a point B which is the 
second vertex, besides A, of the required triangle. The third vertex C is easily 
found. 

This construction is applicable whether the given lines are concurrent, 
parallel, or form a triangle. 

To satisfy the conditions of the generalized problem, it is necessary to exercise 
care in effecting the rotation in the proper sense. If the problem should read 
that ABC is to be similar to a given triangle without specifying which angle 
shall have its vertex on which of the given lines, the point A would be the origin 
of three triangles each solving the problem, but differently situated. The three 
triangles coincide, if the angles of ABC are to be equal to each other, as in the 
case of the proposed problem. 

The particular case was also solved by Daniel Kreth, Elizabeth B. Davis, Clifford 
N. Mills, S. A. Joffe, Elmer Schuyler, J. W. Clawson, and the Proposer. 
455. Proposed by R. P. BAKER, University of Iowa. 

Find the minimum triangle of assigned angles inscribed in a given triangle. 

Solution by Roger A. Johnson, Western Reserve University. 

By the well-known theorem of Miquel (McClelland, Geometry of the Circle, 
pp. 40-42), if a triangle PQR be inscribed in a given triangle ABC so as to be 
directly similar, i. e., without being turned over, to a given triangle; then the 
circles AQR, BRP, CPQ pass through a point 0, which, moreover, is fixed for all 
positions of the inscribed triangle; further, if P, Q, R lie on the sides of the tri- 
angle, and not on their extensions, Z OPB = Z OQC = Z ORA. If from the point 
0, lines OP\, OQi, ORi be drawn, making equal angles with the sides, their 
extremities P, Q, R, will form a triangle similar to PQR. 

It follows that if the point be known, we shall obtain the minimum triangle 
by taking the pedal triangle; that is to say, the triangle whose vertices are the 
feet of the perpendiculars from to the sides of ABC. 

First inscribe in ABC any triangle of the given species. The following, due 
to Petersen, is, perhaps, the simplest. Take Y on AC and Z on AB, at random. 
On YZ construct a triangle XYZ of the given type and in the desired position. 
Let AX cut BC at P. Through P draw PQ and PR parallel to XY and XZ, 
respectively. Then QR will be parallel to YZ and PQR will be an inscribed 
triangle of the desired type. 

Now draw the circles AQR, BRP, CPQ, intersecting again at 0. From 0, 
drop perpendiculars OL, OM, ON, to the sides. Then LMN is the required 
triangle. 

Also solved by C. N. Schmall, Frank Irwin, and J. W. Clawson. 

CALCULUS. 

368. Proposed by PAUL CAPRON, Annapolis, Maryland. 

Develop logio a;/sin x and logio tan xjx to three terms as functions of logio sec x, showing that 



